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Goal (Motherhood and Apple Pie)

The accurate and efficient
simulation of multiscale
phenomena

Different spatial regions require
different physics/resolutions

Use computationally cheapest,
valid, method in each region

Dynamically couple methods

Computational Gain
=Vmacro/V

Analogous to improvements on
Landau theory of phase
transitions in the 1960’s

micro

Myall

Newton’s Equations

(Stochastic) PDE's

Boltzman Equation Navier—Stokes Boltzman Equation
(DSMC) (Hydrodynamic Solver) (DSMC)




Why look at fluctuations?

Fluctuations drive some physical phenomena
Fluctuations are largely ignored in other work
Fluctuations set time-scales: e.qg.,

Fluid Instabilities (e.g., Rayleigh-Benard)
Nucleation (metals under extreme conditions)
Source of energy (Brownian Motors)

Rare events (Failures)

If fluctuations drive the physics, then the hybrid must
not alter the fluctuations (neither enhance or reduce).




Fluctuations: Nucleation

Temperature Dependent
Nucleation Rate

[=exp(-AF/kgT)
AF=(1611a3)/(3(Ap)?H?)

A (Pseudo) Spinodal

T

Nucleation

S




Fluctuations: Particle Filters/State Estimation:

dx — State Variable

= z)+{) (X, t)q{x, f)

Stochastic Nonlinear Dynamics

PDE, ODE, etc. Noise Covariance Noise :Additive, Multiplicative
Possible Time Dependence  ,yssian, Non-Gaussian etc

Function of state variable

g
o rm — Z(X(tm ) 2 tm ) + p n;\ Measurement Error
i=1,..M

Index of Measurements /

Observations



Fluctuations: Particle Filters/ State Estimation:

Determine best estimate of

the stat.e at variou§ timfes x,(1)=Hx@)|r,...r,]
Determine uncertainty in

these measurements
Three Classes of

problems: C, (1) = E[(x(t) = x, () (x(t) =X, ()" | ,,...,1,, ]

1. Smoothing: — k=M,t<t,

2. Filtering: > 1, >t2t,
3. Prediction:
> {y



Linear Diffusion

Simplest example

Coarse-grained / Rescaled Independent Random Walkers
converges to solution of Linear Diffusion Equation

Particles

Finite Difference
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Linear Diffusion Open Equilibrium System
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<3 p(x) & p(x) >

Linear Diffusion: Closed Equilibrium System
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Density Grad

Linear Diffusion

a0t

Il Il Il Il Il Il Il
o ) o 7 o 7 o r)
) ~ = © © 0 i) <

<(x)d >

50~
45~
40~

1 | 1
[Tel o n
© © n

<(x)d >

80—
75
70~

180

160 -

140

120+

I
o
o

<(x)de(x)de>

100~

60

40

20

170

160 -

150 -

140

130
120
110

<(x)d g

x)d @ >

100

90 -



icle-SPDE Hybr

Dependent Part

ime

T

Linear Diffusion

80
75
70~
65—
50~
45~
40
35

© wn
<(x)d >

80

75
70
65 -
50
45-

5] )
<(x)d >

20

18

16

20

18

16

20

<()de(x)d ¢ >

Il Il Il Il Il Il
o
(=3 o o o o o o o o (=3
n < o N — o o © ~ ©
— — — — — —
<(x)do(x)dg>



L.inear Diffusion

DAt
Pint1l = Pint A2 AP._+f,; + Pi1n — Mbﬂ:v (¢
DAt _ _ _ _
- A3 A)\bﬂﬁ + Pi+1m m—wﬂz — ./\bﬂﬁ g Pi—1n m—wm.,lf,;v
A = M.mumﬂz ? mg\w ﬁ:
ik 0 otherwis€

— Typeset by Foil TRX -



DAt 2DAt
4 A”— = v Qm._t\.. — A”— — v AQPL\.#H iy ﬁum._t\..lu + Qm._+ua.. + Gy

Az? Ax?
DAt
T A2 (Git1,j41 + Gig1j-1 + Gicr j1 + Gioag
1
= Haﬁmﬁmu.mﬂ — BiBj_10i ;51— Bi_1Bjo;_1;+ Bi_1B; 10,1

B;Bjo; ; — BiBj_10; 51— B;_1Bj0;_1 ;+ B;_1B8;_10,_1 ;-1
= 4p;5.00i § — (Piin0i,j11 + Pinbi =1+ Pifimbit1 i + Pi=1:n0i(3

— Typeset by FollTRX -



VPin + Pit1n 1< M/2
Bl /Pim i = M/2 (13

0 otherwise

— Typeset by FoillTRX -



Linear Diffusion: Numerical Analysis

<8 p(x)d p(x) >




Transport with Correlations: The Train Model

Long Range Velocity-
Velocity Correlations

"A Simple Model for Nonequilibrium
Fluctuations in a Fluid", F. Baras, M. Malek
Mansour and A. Garcia, Am. J. Phys. 64 1488
(1996)

Train Model



Transport with Correlations: Velocity Gradient,
Fully Stochastic
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Transport with Correlations: Velocity Gradient
Fully Stochastic
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Transport: Velocity Gradient Fully Stochastic
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Transport: Velocity Gradient Half-Stochastic
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Transport: Velocity Gradient Half-Stochastic
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Transport: Velocity Gradient Half-Stochastic
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Transport: Velocity & Density Gradient Fully Stochastic
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Transport: Velocity & Density Gradient Fully Stochastic
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Transport: Velocity & Density Gradient
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Transport: Velocity & Density Gradient Half-Stochastic
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Transport: Velocity & Density Gradient Half-Stochastic
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Transport: Velocity & Density Gradient Half-Stochastic
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Phase Ordering Dynamics
0,p=DA@ -V () +17

1 1 1 1 1 1 1
“1.B -1 0.8 0 0.2 1 1E



Parting Thoughts
APPLICATION AREAS:

Materials Science: defect modeling, structural phase transitions, nucleation

» Condensed Matter Physics: soft-matter dynamics, quantum transport in
nanodevices

* Fluid Dynamics: instabilities, interface motion, nanoscale fluidics

» Numerical Analysis: coupled stochastic/deterministic PDEs stochastic
Adaptive Mesh Refinement

« Plasma Physics: kinetic theory coupled to MHD, space weather

« Dynamics on Networks: queueing, coupling discrete-event simulations to

(S)PDEs / stochastic fluid eqn’s to optimize performance

« STRONG SUGGESTIONS

« For some problems SPDE’s may be unavoidable
* Need for numerical analysis (Stochastic Methods)
» Careful testing in nonlinear systems



AMR

IC

Stochasti

Parting Thoughts

5 ¢
.‘;.HJ
=// 0
J
)

s

[l

o0

o
M\
\—-:‘ll
/
LS
FAN) )

31
O

g
Y,
0
' ¢

)

\

=L

g
S
A
:,;/

I

A
. ] % 1]
A st

21
(;1
(4

A

1




SPDE Approach to Uncertainty Quantification

+

Q high-conductivity
+ low-conductivity 7T

o Consider a physical process Nypyu = f

— System parameters p; = p(x;),

o= L N
= m%mﬁmB states u; = Eﬁnb
 =Sdysen oM -

e Modeling steps

1. Use data to construct a probabilistic description of {p}
2. Solve SPDEs to obtain a probabilistic description of u
3. Assimilate u; = u(@;) to refine prior distributions
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State of the Art

e Real systems are characterized by
— Non-stationary (statistically inhomogeneous)
— Multi-modal
— Large variances
— Complex correlation structures
e Standard SPDE techniques require
— Stationarity (statistically homogeneity)
— Small variances
— Simple correlation structures (Gaussian, exponential)
— Uni-modality
e Our goal is
— to incorporate realistic statistical parameterizations
— to enhance predictive power
— to improve computational efficiency
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Random Domain Decompositions for SPDEs

R. D. D.

p({I1}) p({11},T)

Multi-modal distributions Uni-modal distributions
High variances Low variances
Complex correlation structures Simple correlation structures
AILYOA * Los Alamos
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